Abstract. Diffuse reflection of a narrow collimated light beam from a slab of a dense random medium is considered theoretically and experimentally for the case of the source and the detector fibres dipped into the random medium, as is the case for an endoscopic catheter. By use of the diffusion approximation, a simple and physically clear analytical expression is derived for the distribution of the diffuse reflectance of the light beam along the surface of the random medium slab. We include the effects of reflections from the top and bottom surfaces of the slab. The analytical expression derived predicts that, in the case of small absorption, the relative reflectance is a universal function defined by the geometrical parameters and is independent of specific properties of the random medium. The theoretical prediction is found to show good agreement with the results of measurements.
Introduction
In recent years experimental methods have been extensively developed to investigate the scattering and absorption properties of random media, for instance of biological tissue, from measurements of light beam reflection (see, e.g., the review [1] ). The theoretical basis for these measurements was formulated by Chandrasekar in the searchlight problem [2] . The experimental set-up commonly used in the two-fibre technique is shown schematically in figure 1. Here two optical fibres are in contact with (or dipped in, as would be the case for an endoscope [3] ) a controlled media. A collimated cylindrical light beam from the emitter fibre propagates through a medium. The diffusively scattered intensity, received by the detector fibre, is measured as a function of the distance ρ between the fibres axes, and then the diffuse reflectance R(ρ) is defined as the ratio of the detected power to the incident power. It is important that during the measurements the aperture of the detector fibre remains in the same plane which coincides, e.g., with the emitter aperture plane. Such a scheme was applied by Reynolds et al [4] to examine the properties of a whole human blood medium. Takanati and Graham [5] have investigated diffuse reflection of a light beam from structurally inhomogeneous two-layered tissues. Groenhuis et al [6, 7] defined the scattering and absorption characteristics of dental enamel which covers the crowns of the teeth. Cui et al [8] applied the two-fibre technique to an experimental study of deformations in the spatial distribution of the diffusively reflected intensity associated with small absorbers 0959-7171/96/030197+15$19.50 c 1996 IOP Publishing Ltd Figure 1 . Diagram of the set-up used. The source and detector fibres, S 0 and S 1 respectively, are placed at depths z 0 and z 1 in the scattering volume V which extends between z = 0 and z = d. The inward normals to the fibres are denoted by n 0 and n 1 , respectively. ρ denotes the separation of the fibres in the x direction.
included in a turbid biological tissue and Bruce [9] applied the same technique to study the case of transmissive inclusions.
It is worthwhile for the interpretation of the measurements mentioned above to find a simple and physically transparent analytical expression for the diffuse reflectance R(ρ). Extensive efforts by many researchers have been devoted to the resolution of this problem. Because the scattering liquid is a dense random medium, the diffusion approximation to radiative transfer theory [10] has been used as a rule. Reynolds et al [4] considered the searchlight problem for a slab of finite thickness and emitter and detector apertures of finite radii. The problem was treated in the framework of the diffusion approximation, and the analytical expression for R(ρ) was obtained in the form of a series written in terms of the eigenvalues of the diffusion operator and the modified Bessel functions. This approach was extended by Groenhuis et al [6, 7] to include strongly forwardly peaked scattering and the effects of interface diffuse reflection. They introduced a simple approximation for the series representation of the reflectance of the form
with m = 1/2. The constants C 1 and C 2 were computed by fitting equation (1) to the exact analytical expression, taken for a given experimental set-up and given parameters of the medium; these are the transport mean free path l tr and the effective absorption coefficient κ, defined as
where l is the mean free path, µ is the mean cosine of the single scattering angle and l ab is the absorption length. It should be pointed out that the measuring arrangement, used by Groenhuis et al [6, 7] was characterized by: fibre radius r 0 = 0.1 mm, slab thickness d = 2 mm, separation ρ changing from 0.25 mm to 1 mm, and transport mean free path of samples of the order l tr 0.05 → 1 mm. It is seen that the geometric parameters are of about the same order with respect to each other, and larger than the transport mean free path but not by more than an order of magnitude. These conditions, for which the diffusion approximation is not totally valid, seem to be a cause of a very complicated connection between C 1 , C 2 and l tr and κ used in [7] .
In this paper we consider a physically clearer situation where r 0 is of the same order as l tr and l tr 20 → 60 µm, while the sample sizes and the fibre separation are of the order of 1 cm so that there is a difference of a few orders of magnitude between these values. For this case an analytical asymptotics for diffuse reflectance of type (1) but with m = 2 and the constants C 1 and C 2 expressed simply in terms of the parameters of the medium l, l ab and (2) was obtained in [11] for a semi-infinite dense random medium. Previously, an asymptotics similar to the result of [11] was found by Bonner et al [12] in the framework of a cubic lattice model for a random walk study of incident photons. It is worth noting that the asymptotics [10] for the diffuse reflectance is actually based on an analogy between the diffusion equation for the average diffuse radiance of light in the random medium (see equation (7) below) and the Helmholtz wave equation with a pure imaginary wave number, or, in the limit of small absorption, the Laplace equation of electrostatics. This diffusionoptical or diffusion-electrostatic analogy was recently exploited with success in a study of coherent backscattering enhancement of light in disordered media [13] , picosecond light pulse reflection from biological tissue [14] and light location of objects in highly scattering media [11, 15] . The asymptotics [11] for the diffuse reflectance can be used, in particular, for an analytical definition of the contrast [9] of an object located in the random medium volume by scanning of a narrow collimated light beam along the medium surface. Therefore, we try to verify the asymptotics [11] experimentally with solutions of latex spheres in water. During our experiments it became clear that it was very difficult to place the fibres on the surface but without actually penetrating into the liquid, as has been the case in previous experiments. To overcome this difficulty, and to remove the problems of surface reflections, the fibres were actually dipped into the liquid. It was then found that the distribution of the scattered light was quite sensitive to the position of the fibres, both relative to one another (as had been expected) and relative to the surface. This effect had previously been observed [3] in a study of the backscattering of pulses of light with applications to endoscopic problems. These experimental effects forced us to generalize the analytical asymptotics [11] for the case of a narrow light beam reflected from a dense random medium slab with dipped fibres. The results of this generalization are given in section 2. The experimental set-up and the results and discussion are given in sections 3 and 4 respectively. Our conclusions are given in section 5. Two different physical limits in connection with the asymptotics (1) mentioned above are analysed in an appendix.
Theory
The geometry of the problem is illustrated in figure 1 . We consider a plane-parallel slab occupied by a random medium with the boundaries perpendicular to the z-axis at z = 0 and z = d. Two optical fibres are dipped into the medium so that their apertures are placed at the depths z 0 and z 1 , respectively.
The inward normal vectors to the optical fibres are denoted by n 0 and n 1 , respectively. A collimated incident light beam propagates from the source fibre aperture, in the positive z-direction, with the reduced radiance I 0 (r, s) (W m −2 sr −1 Hz −1 ) which decreases due to scattering and absorption [10] according to
Here z is the projection of r, r z = z and z > z 0 , s 0 and s are unit vectors, s 0z = 1, the subscript ⊥ denotes a vector projection in the xy plane, the extinction coefficient is defined by 1/l eff = 1/l + 1/l ab and δ(s − s 0 ) is a solid angle delta function (sr −1 ). The source flux density 0 (r ⊥ ) (W m −2 Hz −1 ) differs from zero only for r ⊥ < r 0 . Let (r ⊥ , z) be the backward flux density at the point (r ⊥ , z) which is created within the medium due to scattering and expressed through the diffuse radiance I (r, s) by [10] the equation
where ds is an element of solid angle. Then the diffuse reflectance detected by the receiving fibre can be characterized by the ratio
where
is the received power (W Hz −1 ) and 0 is the incident power, d 2 r ⊥ 0 (r ⊥ ). On the righthand side of equation (5) the integration is performed over the receiving aperture of radius r 0 in the plane z = z 1 ,x is the unit vector in this plane and ρ is the distance between the fibre axes, ρ > 2r 0 . In the first factor of (5) and hereafter, R d0 , R d1 and R d denote the internal reflection coefficients [6] of uniformly diffuse radiation for the surfaces of the source and receiving fibres and the medium surface, respectively.
We suppose that the fibre separation ρ and the slab width d are essentially large with respect to the transport mean free path l tr , and the radiation enters the receiving fibre after multiple scattering. Therefore, to evaluate the quantity (r ⊥ , z) on the right-hand side of equation (5) we can employ the diffusion approximation [10] in which
The average diffuse radiance, denoted by U(r), obeys the diffusion equation [10] − κ 2 U(r) = −Q(r)
with the source term defined as
where D = l tr /3 is the diffusion coefficient of light in the medium divided by the velocity of light in medium and U 0 (r) is the average incident radiance
and the vector P 0 (r) is given by
The boundary conditions are established (see figure 1 ) for the slab surfaces as
for the source fibre surface S 0 as
and for the receiving fibre surface S 1 as
Here
and h , h 0 and h 1 have the same construction with R d , R d0 and R d1 replacing R d , respectively. Each of these equations imply that at the corresponding surface the total diffusive flux, directed in towards the medium, is equal to the reflected part of the total flux directed away from the medium. It is worth pointing out that the boundary condition (11) for the surface z = d is written outside the incident beam.
As can easily be seen, equation (6) is a straightforward consequence of the general property of the diffusion approximation [10] 
and the boundary condition (13) .
It is known that the second Green formula allows reduction of the boundary problem (7)- (13) to the integral equation given [11] by
Here G(r, r ) = G(|r ⊥ − r ⊥ |, z, z ) is the Green function, which satisfies equation (7) with the point-like source, Q(r) = δ(r − r ), and obeys the boundary condition, given by (11) . This function is evaluated in the appendix. The first two terms on the right-hand side of (14) give the average diffuse radiance at the point r inside the slab for the case where the source is placed on the medium surface, z 0 = 0 [10] . The last two terms describe the influence of the fibre surfaces on the radiation field and may be estimated by the perturbation method [11] . For the case of sufficiently thin fibres we can neglect the effects of their surfaces and approximate the source flux density by 0 (r ⊥ ) ∼ = 0 δ(r ⊥ ). In this approximation, from equations (4)- (6) and (14) it follows that
This equation allows us to calculate the diffuse reflectance for arbitrary z 0 and z 1 , and ρ, d l tr . We shall consider two limiting situations in which the depths of both fibres are sufficiently smaller or larger than the extinction length. In the first case, where z 0 , z 1 l tr d, the slab can be regarded as a semi-infinite medium. Then, from equations (A4)-(A6) it follows that, for equation (15),
and after simple calculations we obtain, in accordance with [11] ,
Under the condition of weak absorption, κl tr 1, when l eff ∼ = l and l tr ∼ = l/(1 − µ), the diffuse reflectance exhibits the usual diffusion behaviour:
at κρ 1. This formula may be obtained using the assumption that the incident light beam creates an isotropic photon source at depth z ∼ = l tr and a simplified boundary condition U(r) = 0 at z = 0 can be met by adding a negative source at z = −l tr (diffusionelectrostatic analogy; see, e.g., [14] ).
In the second case, where z 0 , z 1 l tr , the diffuse reflectance is approximately equal to the Green function accurate to a multiplier
where f (h 1 ) represents a function of the reflection factor h 1 . We then suppose the absorption to be negligibly weak and make use of (A7) and (A8) to find that
where a = z 0 − z 1 , b = z 0 + z 1 , the function ϕ n being defined by
with
and r(z) = ρ 2 + z 2 . It is seen that the first term on the right-hand side of (19) gives the solution for the case of a semi-infinite medium, whereas the second one includes the effects of the second boundary of the slab: this is a series over the multiple interactions of the diffusive radiation with the boundary at z = d. Note that in the limit z 0 , z 1 l tr the first term on the right-hand side of (19), that is the reflectance for a semi-infinite medium, coincides with (17) accurate to a numerical multiplier.
In the experiments the relative reflectance is measured. The theoretical expression used for comparison is
where ρ 0 is the fibre separation used for normalization, which can be seen, from equation (19) to be independent of the parameters of the liquid; it only depends on the geometrical parameters of the set-up.
Experimental set-up
The basic experimental set-up is shown in figure 2 . Light from a He-Ne laser with wavelength λ = 0.633 µm is delivered to the sample via a mono-mode fibre (diameter 4 µm, NA=0.1) to give a clean illumination spot in the sample. A multi-mode fibre (diameter 100 µm) is used to collect the scattered light and deliver it to a photon counting photo multiplier connected to a computer. The fibre holder is constructed so that it enables (i) a scan of the detector fibre away from the source fibre, always in the same plane parallel to the surface of the liquid (ρ varying with a and b constant), and (ii) a scan of the source fibre vertically while keeping the position of the detector fibre fixed (ρ constant, a and b varying). The fibres were lowered into the liquid until both broke the surface with the purpose of avoiding surface scattering effects. The sample holder used was a black plastic pot with diameter 4 cm and depth 2 cm. These sizes are large enough for the effects of direct but not diffuse reflection from the boundaries to be negligible. It is also important that the minimal distance between each of the fibres and the walls of the pot was not less than 0.5 cm.
The samples used were collections of polystyrene spheres in water obtained from the Sigma Chemical Company. The samples contained spheres of diameter 0.296 µm in a solution of 10% by volume concentration of particles. Water was added to some of these samples to achieve volume concentrations down to 1%. In all these cases the absorption was negligibly small. As follows from calculations from the Mie theory with the interparticle correlation corrections taken into account [16] , the transport mean free path for the 10% concentration is approximately 30 µm while for the 1% concentration the value is greater by approximately a factor of 10, and the value of µ, the mean cosine of the scattering angle per particle, is 0.64.
Results and discussion
An example of the results for scattering of 0.633 µm He-Ne laser light from a 6% solution are presented in figure 3 . The experimental curves show the relative reflectance as a function of fibre separation ρ normalized by the intensity at ρ 0 = 0.5 mm, where the relative reflectance in the experiment is defined as the ratio of the number of photons detected at each value of the separation divided by the number of photons detected at the reference seperation ρ 0 . For this set of data the source and detector fibre were lowered together into the liquid. This meant that in (19) the factor a = z 0 − z 1 stayed constant for these Figure 3 . Graphs of the relative reflectance versus fibre separation along the x axis for the 6% liquid. The different curves were observed for different depths of penetration of the fibres into the liquid, the two fibres being lowered together. The leftmost curve (---) is for the shallowest penetration into the liquid (depth z min ). The other curves (reading left to right) correspond to depths z min +0.5 mm (-· -), z min + 1.0 mm (---), z min + 1.5 mm (----), z min + 2.0 mm (· · · · · ·) and z min + 2.5 mm (--). measurements whereas b = z 0 + z 1 increased at twice the rate of the lowering of the fibres into the liquid. From figure 3 it can be seen that as the fibres are lowered into the liquid the resulting relative reflectance pattern becomes wider, i.e. the light is scattered further.
As follows from the above diffusion theory one can expect the relative reflectance given by equation (22) to be a universal function defined by the geometric parameters a, b and ρ 0 and independent of the specific properties of the medium. We test this by plotting in figure 4 the relative reflectance, f (ρ, a, b) versus the fibre separation, measured for different concentrations of liquids in approximately the same geometric situation determined by the form of the optical cell, the depth of the liquid and the positions of the fibres. The geometric situations were only approximately the same since it was difficult to know the absolute depths of the two fibres (and hence b) accurately. It can be seen that the experimental points for different concentrations of particles can be fitted reasonably well by a single curve described by equation (22) using equation (19) for R(ρ, a, b), including the first term of the summation over reflections (i.e. n = 1) in equation (19) . Note that the only normalization performed here is to divide by the reflected signal value at a reference value of the fibre separation. For the series considered the least squares fit between the theoretical and experimental curves gives a = 0.9 mm and b = 4.7 mm for a depth of liquid of d = 15.0 mm which is the depth of the 20 ml of liquid used in the pot of diameter 4 cm. However, it is also clear that there is a systematic effect of the scattering coefficient on the curves. The curves for the denser liquids (higher scattering coefficient) show a less steep reduction of signal for small fibre separations but a smaller signal for larger fibre separations. This is as expected since the denser liquid will scatter relatively more light to shorter separations than a less dense one. However, it must be noted that the variation between the curves is small considering that the change in the transport mean free path is a factor of 10 between the most and least scattering liquids. This suggests that the curves can be approximately described by the universal function given by equations (22) and (19).
Since it is a difficult problem to measure the absolute depths of the fibres in a straightforward manner, we try to verify equation (22) in the following way. First, in a series of experiments the diffuse reflectance versus the separation ρ was measured for different depths of the source fibre, given by z 0 , but with the difference in depths of the fibres, i.e. a = z 1 − z 0 , fixed. For each z 0 , the value of the parameter b was obtained by using the least square fit from equation (19) that involves trying all possible values of b and finding the value which minimizes the mean (over ρ) square difference between the experimental and theoretical data. The value of a was fitted from the data sets for the shallowest penetration depth and was then kept constant for the remaining fits of b. It was found that the fitted value of the parameter a was 0.9 mm for all of the concentrations of liquid (10%, 6%, 3%, and 1%), again with the value of the depth of liquid of d = 15.0 mm. The true value of a in the experiment was a = 1.0 ± 0.1 mm which compares well with the fitted value. Note that for these fits the minimum fibre separation used in the fitting procedure was 2 mm which was chosen following the results in [18] which show that, for the weakest scattering liquid used here (the 1% liquid), for fibres closer than approximately 1.5 mm the diffusion approximation is no longer valid. Figure 5 shows the values of the fitting parameter b versus the relative depth z 0(exp) (that Such a linear dependence was expected from equation (19) for the case of |z 1 − z 0 | = constant, with the coefficient ξ = 2. It can be seen that the agreement between experiment and theory is reasonably good. Possible reasons for the discrepancy are the finite acceptance aperture of the detector fibre, which has previously been found to have an important effect [17, 18] , or the effects of the fibres themselves blocking the diffuse light, since neither of these effects are included in the theory. The offset value b 0 cannot be measured from these graphs since the absolute value of the depth is not known, i.e. the position of b = 0 on the graph is not known. For the next set of data the source fibre was scanned vertically, i.e. ρ and z 1 were kept fixed and the variation of the signal with the source fibre depth z 0 measured. The way the experiments were performed was as follows: (i) the values of ρ and z 1 were fixed and a scan of z 0 performed; (ii) the scan was repeated for five different values of ρ with a 1 mm step in the value of ρ between each scan; (iii) the value of z 1 was increased by 0.5 mm and the process of varying ρ repeated for a total of four different values of z 1 . This resulted in a total of twenty scans. The resulting curves were fitted with equation (19) again using a least-squares fit.
Typical results are shown in figure 6 , which is the result of performing the above procedure for the 3% liquid. The graph shows the fitted values of ρ and z 1 for each of the scans. The qualitative behaviour is as expected from equation (19) and the experimental procedure described above; ρ increases linearly for a constant z 1 , then z 1 takes a new higher value and keeps that value as ρ increases linearly, then z 1 increases again and so on. From the graph, it can be seen that the fitted value of the parameter z 1 is slightly higher when the parameter ρ has its lowest value, i.e. when the fibres are at their closest (which in the experiment was ρ = 1.0 ± 0.1 mm compared to the fitted parameters of ρ = 1.3 ± 0.1 mm). It may be that at this separation there are some surface tension effects in the liquid between the fibres, for example, since the liquid will curve upward due to the presence of the fibre, when the fibres are close this effect could be reinforced in the area between them giving a larger depth (and hence larger z 1 ) than would be expected. The effect of the fibres themselves blocking the diffuse light can also be expected to have an effect on the scattered light distribution, particularly in the case when the ends of the fibres are well-separated in depth. The gradients of the lines for ρ against ρ exp , where ρ is the fitted value of the separation of the fibres and ρ exp is the value of the separation of the fibres controlled in the experiment (which had a value of 1 mm between measurements), are 10% liquid :
0.90 ± 0.01 6% liquid : 0.97 ± 0.03 3% liquid :
0.97 ± 0.02 1% liquid :
1.02 ± 0.01.
These compare with the theoretically expected value of 1. For the gradient of z 1 versus z 1(exp) , where z 1 is the fitted value of the depth of the detector fibre and z 1(exp) is the true value controlled in the experiment (which had a value of 0.5 mm between measurements), the values are 10% liquid : 1.28 ± 0.05 6% liquid :
1.02 ± 0.03 3% liquid :
0.75 ± 0.05 1% liquid :
1.08 ± 0.08 again with a theoretical value of 1. Again it can be seen that the fitted values agree reasonably well with the expected values. The low value of the gradient for the 3% curve for the value of z 1 may be due to the fact that the first depth position in this series of runs was too close to the surface so that equation (19) may not be valid (remember that the condition used to obtain equation (19) was that the depths of the two fibres be greater than the transport mean free path). It is also likely that surface tension effects become more important for shallow depths, when the flat surface of the liquid will be distorted by the presence of the fibres and this distortion will be close to the apertures of the fibres. The gradient obtained using only the other three values of z 1 , when the fibres were deeper is 0.92 ± 0.06.
Conclusions
A simple analytical expression for the radial dependence of the local diffuse reflectance of a light beam along a random medium surface is presented in this paper in terms of the Green function of the diffusion approximation. This expression is related to the measurements with the experimental arrangement shown schematically in figure 2. Two limit situations in which the depths of both the fibres are sufficiently smaller than or larger than the transport mean free path are considered. In the first case the local diffuse reflectance has an algebraicexponential radial dependence (see equation (17)). In the opposite case, the local reflectance is presented in the form of a series of successive reflections of the diffusive beam from the slab boundaries (see equations (18) and (19)). It is worth noting that in both cases the relative reflectance for weak absorption is expected to be a universal function defined by the geometric parameters and independent of specific properties of the medium. The universality expected for the relative reflectance was confirmed in a set of experiments (see figure 4 ). The behaviour of the parameters to fit equation (22), using the term n = 1 in equation (19) , to the experimental data have been shown to follow the behaviour expected from the theory reasonably well. Possible reasons for discrepancies may be related to the finite acceptance aperture of the detector fibre or the effect of the fibres themselves on the distribution of light inside the liquid, neither of which is included in the theory. With regard to the problem of endoscopic catheters, as in [3] , it has been found that the reflected signal depends critically on the position of the fibres with respect to the surface of the liquid (see figure 3 ) with an increase in depth of 2 mm causing the normalized signal to increase by a factor of approximately 2. This can be explained by the following argument. It was noted that for all fibre separations the signals increased as the depth was increased, due to the fact that, on average, paths which led to detection at a lower depth will also lead to detection when the fibres are deeper, but now, since the photons are scattered more before they can escape through the surface of the liquid (since the source is further from the surface), more photons from longer paths will also be scattered into the detection fibre. However, it has been found [9] that for close separations of the fibres, small depths, which implies short paths, dominate the signal, whereas for wider separations longer paths dominate. This means that for smaller separations of fibres the effect of the increase in longer path photons being detected is smaller than it is for wider separations, so that the normalized signal follows the behaviour in figure 3 with an increase in normalized signal with fibre separation. As well as this it was found that the relative positions of the source and detecting fibres also affect the signal, but not so strongly, particularly when the fibres are very close in depth, in which case the signal changes slowly with a change in depth of one of the fibres. Another important fact which should be noted is that the absolute reflectance, not the relative one, must be measured if the problem is to find the optical parameters of the random medium.
Appendix. The Green function of the diffusion equation
From equations (7) and (11) 
where r(z) = r 2 ⊥ + z 2 . In the general case, the series takes a cumbersome structure. Therefore we present an explicit form of G(r ⊥ , z, z ) only for the simple situation when all distances r ⊥ , z and z and the absorption length l ab are much greater than l tr . Then we put h = 0 and h = 0 in equations (A4)-(A6) to find the asymptotics written as 
where r ± = r(z ± z ) and ϕ n ((r ⊥ , z, z ) = A(r(z − z − 2nd)) − A(r(z + z − 2nd)) + A(r(z − z + 2nd)) −A(r(z + z + 2nd)).
In the case of weak absorption, l ab l tr r 2 , the factors exp(−κr) included in (A7) and (A8) through A(r) can be replaced here by 1.
However, there is another way to find the Green function. We consider, for simplicity, the case of identical boundaries, h = h , and represent G q (z, z ) in terms of the spectral problem that corresponds to equations (A2) and (A3). Namely
where k n and γ n are defined by the conditions (A3) as sin γ n = hk n cos γ n sin(k n d + γ n ) = −hk n cos(k n d + γ n )
or tan(k n d) = 2hk n /(h 2 k 2 n − 1), and
